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In this paper, we derive the general leading-order classical Lagrangian covering all fermion
operators of the nonminimal Standard-Model Extension (SME). Such a Lagrangian is con-
sidered to be the point-particle analog of the effective field theory description of Lorentz
violation that is provided by the SME. First of all, a suitable Ansatz is made for the La-
grangian of the spin-degenerate operators aˆ, cˆ, eˆ, and fˆ at leading order in Lorentz violation.
The latter is shown to satisfy the set of five nonlinear equations that govern the map from the
field theory to the classical description. After doing so, the second step is to propose results
for the spin-nondegenerate operators bˆ, dˆ, Hˆ , and gˆ. Although these are more involved than
the Lagrangians for the spin-degenerate ones, an analytical proof of their validity is viable,
nevertheless. The final step is to combine both findings to produce a generic Lagrangian
for the complete set of Lorentz-violating operators that is consistent with the known min-
imal and nonminimal Lagrangians found in the literature so far. The outcome reveals the
leading-order structure of the classical SME analog. It can be of use for both phenomenolog-
ical studies of classical bodies in gravitational fields and conceptual work on explicit Lorentz
violation in gravity. Furthermore, there may be a possible connection to Finsler geometry.
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2I. INTRODUCTION
Effects from gravitational physics and quantum physics are expected to be on an equal footing
at the Planck scale, which could induce minuscule violations of Lorentz invariance. Such violations
were explicitly demonstrated to arise in closed-string theories [1–5], loop quantum gravity [6,
7], models of noncommutative spacetimes [8, 9], spacetime foam models [10–12], (chiral) field
theories defined on spacetimes with nontrivial topologies [13–16], and Horˇava-Lifshitz gravity [17].
For several decades, violations of this fundamental symmetry have been looked for where until
the end of the past millennium, these experimental searches had been rather unsystematic. To
be able to compare the results of different experiments to each other and to make theoretical
predictions of possible experimental signals, the minimal Standard-Model Extension (SME) was
established in [18, 19]. The minimal SME is a field-theory framework parameterizing all power-
counting renormalizable Lorentz-violating contributions that are consistent with both coordinate
invariance and the gauge structure of the Standard Model. Each contribution is decomposed into
controlling coefficients and a field operator suitably contracted to form observer Lorentz scalars.
In gravity, Lorentz invariance is a local concept and a parameterization of deviations from local
Lorentz invariance, local position invariance, and the weak equivalence principle in terms of minimal
operators was delivered in [20]. The nongravitational part of the SME was extended in [21–23] to
include all operators of arbitrary mass dimension where this generalization is called the nonminimal
SME. It is important to recall that CPT violation implies Lorentz violation in effective field theory
[24], which is why all CPT-violating operators are contained in the SME, as well.
Most experimental tests of gravity are performed with classical test bodies, cf. [25] for a compi-
lation of all current constraints on controlling coefficients. General Relativity is a classical theory,
after all. However, the field-theory description of the SME is not entirely suitable to predict effects
of Lorentz violation within classical physics, which is why it would be highly desirable to have a
map from the Lagrange density in field theory to the classical Lagrangian of a relativistic, pointlike
particle. A map that delivers a classical Lagrangian from the field-theory dispersion equation was
constructed explicitly in [26]. Based on this construction, the first classical Lagrangians for a wide
range of controlling coefficients within the minimal SME were obtained in the same paper. These
results are exact and comprise Lagrangians for a combination of a, c, e, f coefficients, the full La-
grangian for the b coefficients, and partial results for the d, H coefficients. This set of Lagrangians
was complemented by results for more involved families of d, g coefficients given in [27, 28].
Based on some of these findings, the motion of a charged, classical particle under the influence
of both a Lorentz-violating background field and an electromagnetic field was studied in [29]. In
addition, the modified time evolution of a semi-classical analog of spin was examined with the
BMT equation. In [30] it was demonstrated that the procedure of finding Lagrangians from the
field theory description can be reversed at first order in Lorentz violation. Thus, it is possible to
reobtain parts of the SME Hamilton operator from a particular classical Lagrangian by the usual
quantization procedure. Last but not least, an approach was developed in [31] to assign Finsler
structures to the minimal SME photon sector. This procedure is based on modified refractive
indices and the eikonal equation.
The first exact nonminimal Lagrangian was derived in [32] for the isotropic operator mˆ(5). How-
ever, the latter is highly complicated, nontransparent and too unwieldy to be used in applications.
Therefore, the point of view changed and subsequently it was found to be more reasonable to obtain
3classical Lagrangians in the nonminimal SME at first order in Lorentz violation only. Based on
the method of Groebner bases, which is a generalization of Gauss’ algorithm for nonlinear systems
of equations, it was possible to derive Lagrangians for the lowest-dimensional contributions to the
spin-degenerate operators, i.e., for aˆ(5), cˆ(6), eˆ(6), fˆ (6), and mˆ(5) [33]. These Lagrangians are natural
generalizations of the first-order minimal ones with the controlling coefficients replaced by suitable
contractions of the nonminimal coefficients and the four-velocity. An additional scalar parameter
before the Lorentz-violating contribution ensures that its mass dimension is consistent with that
of the standard term and that it is positively homogeneous of degree one in the velocity.
It was shown in [34] that such classical Lagrangians can be promoted to Finsler structures by a
procedure that has parallels to a Wick rotation. The Lagrangians for the a, c, e, and f coefficients
were found to be related to what is known as a Randers structure, whereas the Lagrangian for b
was demonstrated to be linked to a hitherto unknown Finsler space that is not of Randers type.
Also, the properties of this Finsler space, which is referred to as b space, were investigated in the
latter article. Three-dimensional versions of b space were demonstrated to play a role in systems
of classical mechanics and magnetostatics [35]. Besides that, Finsler b space was discovered to
have singularities that can be removed with a desingularization procedure [36] whose existence is
based on the famous Hironaka theorem for algebraic varieties. An alternative to this procedure was
presented in the recent work [37] related to the formalism of extended Hamiltonians introduced by
Dirac. In principle, b space is a special case of a more general type of Finsler structures that are
called bipartite and that are focused on in [38]. Ultimately, the classical first-order Lagrangians of
the nonminimal SME obtained in [33] were promoted to Finsler structures, as well, by adapting the
Wick rotation procedure to the nonminimal SME. The resulting Finsler structures seem to define
new kinds of Finsler geometries that had not been studied until then.
The objective of the current paper is to deliver a complete generalization of the results of [33]
that covers the whole SME at first order in Lorentz violation. Special emphasis is put on the spin-
nondegenerate operators bˆ, dˆ, Hˆ, and gˆ that were not treated in the previous reference. The paper
is organized, as follows. In Sec. II we recall the basics on how to obtain a classical Lagrangian
from the corresponding field theory based on the SME. The five equations describing the map
from the wave packet to a classical, pointlike particle will be introduced. The Lagrangians for
the spin-degenerate operators will then be derived and discussed in Sec. III where the results for
the spin-nondegenerate operators follow in Sec. IV. Based on the Lagrangians obtained to that
point, in Sec. V we will be in a position to state the first-order result covering the full SME, which
is the central result of the current article. Finally, all findings will be concluded on in Sec. VI.
In addition, it will be demonstrated analytically that the five nonlinear equations are fulfilled at
leading order by the classical Lagrangians obtained. As these proofs for the spin-nondegenerate
operators are lengthy, they will be relegated to App. A and B, respectively. Natural units with
~ = c = 1 are used unless otherwise stated.
II. MAP FROM FIELD-THEORY DESCRIPTION TO CLASSICAL LAGRANGIAN
We consider the Lagrange density describing nonminimal Lorentz violation in the fermion sector
of the SME. Its explicit form is stated in [23] and we will recall it as follows:
LDirac = 1
2
ψ(i✓∂ −mψ14 + Qˆ)ψ +H.c. , (2.1a)
4Qˆ = Sˆ14 + iPˆγ5 + Vˆµγµ + Aˆµγ5γµ + 1
2
Tˆ µνσµν , (2.1b)
Sˆ = eˆ− mˆ , Pˆ = fˆ − mˆ5 , Vˆµ = cˆµ − aˆµ , (2.1c)
Aˆµ = dˆµ − bˆµ , Tˆ µν = gˆµν − Hˆµν . (2.1d)
Here, ψ is the Dirac field and ψ ≡ ψ†γ0 its Dirac conjugate where both fields are defined in
Minkowski spacetime with metric ηµν = diag(1,−1,−1,−1)µν . The Dirac matrices γµ are standard
and obey the Clifford algebra {γµ, γν} = 2ηµν14 with the unit matrix 14 in spinor space. Based
on the Dirac matrices, we define the chiral matrix γ5 = γ
5 ≡ iγ0γ1γ2γ3 and the commutator
σµν ≡ (i/2)[γµ, γν ]. Lorentz violation is encoded in the operators aˆ, bˆ . . . mˆ where the fermion
mass is called mψ to avoid confusions with mˆ. According to the properties of the Lorentz-violating
operators under proper, orthochronous Lorentz transformations as well as parity and time reversal
transformations, they are grouped into scalars Sˆ, pseudo-scalars Pˆ , vectors Vˆµ, axialvectors Aˆµ,
and two-tensors Tˆ µν . It has been well-known for some time that mˆ5 can be removed by a chiral
transformation of the Dirac field [23]. However, this operator will be kept for completeness.
The map from the field-theory Lagrange density to the classical Lagrange function of a rela-
tivistic, pointlike particle of mass mψ moving with four-velocity u
µ is governed by the following
set of five ordinary nonlinear equations:
R(p) = 0 , (2.2a)
∂p0
∂pi
= −u
i
u0
, i ∈ {1, 2, 3} , (2.2b)
L = −pµuµ , pµ = − ∂L
∂uµ
, (2.2c)
where pµ = i∂µ is the momentum that appears in the Fourier decomposition of a wave packet
into plane waves. The first equation depends on the momentum only and it is simply the dis-
persion equation following from the determinant of the modified Dirac operator. The set of three
equations (2.2b) identifies the group velocity of the centroid of a quantum wave packet with the
three-velocity u/u0 of the classical particle. The convention is such that the four-momentum com-
ponents have lower indices whereas the four-velocity components are supposed to have upper ones.
Hence, an additional sign must be taken into account on the right-hand side. Last but not least,
the classical Lagrange function is supposed to be positively homogeneous in the velocity, which
means that L(λu) = λL(u) for λ > 0. This property grants parameterization invariance of the
action, which is a must-have in physics, as the action should only depend on the path, but not
on the way how it is parameterized. The fifth of the equations above is famous Euler’s theorem
that follows from exactly the latter characteristic of the Lagrangian. The canonical momentum is
defined with a minus sign to grant the correct sign for the nonrelativistic kinetic energy.
The five equations depend on the four-momentum components, the four-velocity components,
and the classical Lagrangian. Solving them for pµ = pµ(u) and L = L(u) corresponds to an explicit
construction of the map. However, as the system is nonlinear, it is highly nontrivial to solve it —
even in the context of the minimal SME. Groebner bases deliver a tool to treat the equations sys-
tematically, which has proven extremely useful to derive Lagrangians in the nonminimal SME [33].
5In what follows, classical Lagrangians will be obtained that fulfill Eqs. (2.2) at leading order in
Lorentz violation. The complete family of nonminimal coefficients ought to be covered. We will
restrict our analysis to particles. Classical Lagrangians corresponding to antiparticle dispersion
relations can simply be obtained from the particle Lagrangians via the substitution mψ 7→ −mψ,
cf. [26, 27].
III. RESULTS FOR SPIN-DEGENERATE OPERATORS
Let us start deriving the classical Lagrangians for the spin-degenerate operators aˆ, cˆ, eˆ, fˆ , and mˆ.
Our approach shall be exemplified by the a coefficients. The minimal a coefficients are comprised
by an observer four-vector and they are contracted with a field operator of mass dimension 3.
In the nonminimal SME, the number of additional derivatives in the field operator subsequently
increases by two whereupon the number of indices of the controlling coefficients rises by two and
the mass dimension decreases by two. Hence, the operator aˆ contains the coefficients a(3)µ, a(5)µν̺,
a(7)µν̺σλ, etc. The Lagrangian for d = 3 was obtained in [26] where for d = 5 it was found in [33]
based on the method of Groebner bases. We recall both Lagrangians:
La
(3)
= −mψ
√
u2 − a(3)∗ , a(3)∗ ≡ a(3)µ uµ , (3.3a)
Laˆ
(5)
= −mψ
√
u2 − m
2
ψ
u2
aˆ
(5)
∗ + . . . , aˆ
(5)
∗ ≡ a(5)µν̺uµuνu̺ . (3.3b)
The minimal result is exact and the nonminimal one is valid at first order in Lorentz violation.
Neglected higher-order contributions will be indicated as ellipses. Due to observer Lorentz invari-
ance, consistency of the mass dimension, and positive homogeneity of degree 1 in the velocity, the
perturbative form of the Lagrangian is quite restricted. The Lorentz-violating contribution must
involve the component coefficients and suitable observer Lorentz scalars aˆ
(d)
∗ can only be formed
by contracting the latter with the only four-vector available, which is the four-velocity.1 The mass
dimension is made consistent with that of the standard term by introducing additional powers of
the fermion mass. Positive homogeneity of the second term is restored by suitable powers of the
Lorentz scalar u2 in the denominator. These general arguments enable us to propose an Ansatz
for arbitrary odd d ≥ 3:
Laˆ
(d)
= −mψ
√
u2 − Aˆ∗ + . . . , (3.4a)
Aˆ∗ ≡ Ξaaˆ∗ , Ξa = Ξ(d)a =
md−3ψ
(u2)(d−3)/2
, (3.4b)
aˆ∗ = aˆ
(d)
∗ ≡ a(d)µα1...αd−3uµuα1 . . . uαd−3 , (3.4c)
where this result is supposed to be valid at first order in the controlling coefficients. It is convenient
to define a second Lorentz scalar Aˆ∗ that corresponds to the product of the consistency factor Ξa
and the Lorentz scalar obtained by contracting the controlling coefficients with the four-velocity.
Note that Aˆ∗ is homogeneous of degree 1 in contrast to aˆ∗, as each of the d−2 indices is contracted
1 Throughout the article, an asterisk indicates controlling coefficients suitably contracted with four-velocities. This
notation was introduced in [33] and it will be adopted for consistency.
6with a four-velocity to be compensated by the factor (u2)(d−3)/2 in the denominator. The usefulness
of Aˆ∗ will become clear below when a general proof of the validity of the Lagrangian at leading
order in Lorentz violation will be delivered.
It can be checked that for d = 3, 5 the Ansatz reproduces the already known results of Eq. (3.3).
Note that in what follows, the index indicating the mass dimension at various quantities will be
dropped to simplify the notation, i.e., it will be mentioned only when necessary. As a starting point,
we were interested in testing whether this Ansatz could be valid for higher-dimensional operators
such as that for d = 7. The large number of nonzero controlling coefficients makes an analytical
check challenging. Hence, we used Mathematica to demonstrate numerically that Eq. (3.4) fulfills
Eqs. (2.2) at first order in the controlling coefficients.
Subsequently, we discovered that a formal proof is feasible and it is demonstrated as follows,
i.e., we will show that the Lagrangian fulfills the defining equations at leading order in Lorentz
violation. The starting point is the covariant momentum as a function of the four-velocity, which
is obtained from the Lagrangian via
pµ = −∂L
aˆ(d)
∂uµ
= mψ
uµ√
u2
+
∂Aˆ∗
∂uµ
, (3.5)
cf. Eq. (2.2c). Note that here it is already much more convenient to express the Lagrangian in
terms of Aˆ∗, as it is not necessary to include the derivative of Ξa explicitly. When the Lagrangian
is correct, as it stands, this momentum must obey the dispersion equation at first order in Lorentz
violation, which is quite simple to show for the a coefficients:
R = (p− aˆ)2 −m2ψ = p2 − 2aˆ · p−m2ψ + . . . , (3.6a)
aˆµ = aˆ
(d)
µ ≡ aµα1...αd−3pα1 . . . pαd−3 . (3.6b)
Here aˆµ is a four-vector formed from a suitable contraction of the controlling coefficients with the
four-momentum. At leading order in Lorentz violation, it suffices to replace all four-momenta by
the standard expression mψuµ/
√
u2 producing aˆµ ≈ Ξaaˆ∗µ. Inserting the momentum and the latter
approximate relationship into the dispersion relation gives
R = m2ψ +
2mψ√
u2
uµ
∂Aˆ∗
∂uµ
− 2mψ√
u2
Aˆ∗ −m2ψ + · · · = 0 . (3.7)
It is very convenient to employ Euler’s theorem, which is applicable, as Aˆ∗ is positively homogeneous
of degree 1 in the four-velocity:
uµ
∂Aˆ∗
∂uµ
= Aˆ∗ . (3.8)
Hence, the dispersion equation is fulfilled when neglecting higher-order contributions in Lorentz
violation. The next step is to verify Eq. (2.2b). We do this by computing the first implicit derivative
of the dispersion equation with respect to pi, replace ∂p0/∂pi by −ui/u0, and insert the canonical
momentum of Eq. (3.5):
∂R
∂pi
= 2p0
∂p0
∂pi
+ 2pi − 2∂(aˆ · p)
∂pi
+ . . .
7= 2
[
mψ
u0√
u2
+
∂Aˆ∗
∂u0
](
−u
i
u0
)
+ 2
(
mψ
ui√
u2
− ∂Aˆ∗
∂ui
)
− 2∂(aˆ · p)
∂pi
= −2
(
∂Aˆ∗
∂u0
ui
u0
+
∂Aˆ∗
∂ui
)
− 2∂(aˆ · p)
∂pi
= 0 , (3.9)
where the derivative of aˆ ·p with respect to the momentum was expressed in terms of the derivative
of Aˆ∗ with respect to the four-velocity components:
∂(aˆ · p)
∂pi
= mψ
∂(Ξaaˆ∗µu
µ/
√
u2)
∂uσ
∂uσ
∂pi
+ · · · = mψ
(
∂(Aˆ∗/
√
u2)
∂u0
∂u0
∂pi
+
∂(Aˆ∗/
√
u2)
∂uj
∂uj
∂pi
)
= −
(
∂Aˆ∗
∂u0
ui
u0
+
∂Aˆ∗
∂ui
)
. (3.10)
To do so, the leading-order correspondence between four-velocity and four-momentum and the
related derivatives are needed
uµ√
u2
=
pµ√
p2
=
pµ
mψ
, (3.11a)
1√
u2
∂u0
∂pi
=
1
mψ
pi
p0
= − 1
mψ
ui
u0
,
1√
u2
∂uj
∂pi
= − 1
mψ
δij , (3.11b)
in combination with the following property for a generic function f = f(u2) that depends on the
four-velocity squared only:
ui
u0
∂f(u2)
∂u0
+
∂f(u2)
∂ui
=
ui
u0
∂f
∂(u2)
2u0 − ∂f
∂(u2)
2ui = 0 . (3.12)
Thus, the term involving the derivative of 1/
√
u2 vanishes in Eq. (3.10) whereupon the remaining
result compensates the first term in Eq. (3.9). As the Lagrangian is positively homogeneous of
degree 1 in the velocity, Eq. (2.2c) is fulfilled automatically.
To summarize, in contrast to the derivations of classical Lagrangians in [33], which relied on the
method of Groebner bases, the current Lagrangian was simply obtained by making a suitable guess
that is in accordance with observer Lorentz invariance and positive homogeneity of first degree in
the velocity. Furthermore, it ought to reproduce the already known results. The same procedure is
now successfully employed to arrive at the classical Lagrangian for the remaining spin-degenerate
operators. The general result for the classical Lagrangian at leading order in Lorentz violation is
reasonably expressed in the form
Lxˆ
(d)
= −mψ
√
u2 − Xˆ∗ + . . . , Xˆ∗ = Ξxxˆ∗ . (3.13)
Here xˆ∗ = xˆ
(d)
∗ is a total contraction of controlling coefficients with an appropriate combination of
four-velocities. The parameter Ξx = Ξ
(d)
x only involves the particle mass and a suitable power of
the observer scalar u2. In the general case, it is also convenient to define quantities Xˆ∗ = Xˆ
(d)
∗ that
are positively homogeneous of degree 1 in the velocity. The explicit expressions of these quantities
for the complete set of spin-degenerate operators are listed in Tab. I.
Several remarks on the classical Lagrangian of Eq. (3.13) are in order. First, the Lagrangian is
a function of the particle mass, the four-velocity, and the controlling coefficients. It is a sum of the
8xˆ∗ Explicit contraction Ξx Radial derivative Correspondence
aˆ∗ a
(d)
µα1...αd−3u
µuα1 . . . uαd−3 md−3ψ /(u
2)(d−3)/2 uµ ∂aˆ∗∂uµ = (d− 2)aˆ∗ aˆµ ≈ Ξaaˆ∗µ
cˆ∗ c
(d)
µα1...αd−3u
µuα1 . . . uαd−3 −md−3ψ /(u2)(d−3)/2 uµ ∂cˆ∗∂uµ = (d− 2)cˆ∗ cˆµ ≈ −Ξccˆ∗µ
eˆ∗ e
(d)
α1...αd−3u
α1 . . . uαd−3 −md−3ψ /(u2)(d−4)/2 uµ ∂eˆ∗∂uµ = (d− 3)eˆ∗ eˆµ ≈ − Ξemψ eˆ∗µ
fˆ∗ f
(d)
α1...αd−3u
α1 . . . uαd−3 m2d−7ψ /[2(u
2)(2d−7)/2] uµ ∂fˆ
2
∗
∂uµ = 2(d− 3)fˆ2∗ fˆµfˆν ≈
2
√
u2Ξf
mψ
fˆ∗µfˆ∗ν
mˆ∗ m
(d)
α1...αd−3u
α1 . . . uαd−3 md−3ψ /(u
2)(d−4)/2 uµ ∂mˆ∗∂uµ = (d− 3)mˆ∗ mˆ ≈ Ξm√u2 mˆ∗
Sˆ∗ S(d)α1...αd−3uα1 . . . uαd−3 −md−3ψ /(u2)(d−4)/2 uµ ∂Sˆ∗∂uµ = (d− 3)Sˆ∗ Sˆ ≈ − ΞS√u2 Sˆ∗
Vˆ∗ V(d)µα1...αd−3uµuα1 . . . uαd−3 −md−3ψ /(u2)(d−3)/2 uµ ∂Vˆ∗∂uµ = (d− 2)Vˆ∗ Vˆµ ≈ −ΞV Vˆ∗µ
TABLE I: Parameters of the generic classical Lagrangian of Eq. (3.13). The first column states the observer
scalar employed in the Lagrangian where the entries in the second column give the corresponding explicit
expressions. The consistency factors ensuring the correct mass dimension and positive homogeneity of the
Lorentz-violating contribution are listed in the third column. The fourth column shows Euler’s theorem
for each of the Lorentz scalars defined in the first two columns. Last but not least, the fifth column states
the leading-order correspondences between the Lorentz-violating operators transformed to momentum space
and the quantities associated with each four-momentum replaced by the four-velocity.
standard term L = −mψ
√
u2 and a contribution that is linear in the controlling coefficients, i.e., it
reduces to the standard result for vanishing Lorentz violation. Second, the Lagrangian is formed
from observer Lorentz scalars to render it a Lorentz scalar, as expected. Third, it has to be of mass
dimension 1 where additional powers of masses must be introduced in the Lorentz-violating term
such that its mass dimension corresponds to the mass dimension of the standard term. Fourth,
additional powers of the four-velocity squared are needed to make the nonstandard contribution
homogeneous of degree 1 in the velocity. Fifth, there is the correspondence aˆ∗ ↔ −mψ eˆ∗, which
is the generalization of aµ ↔ −mψeµ found for the minimal SME [28]. Sixth, the dimensionless
number Xˆ∗/mψ must be≪ 1 such that the first-order approximation is justified. This requirement
translates into the additional condition that u2 should not lie in the close vicinity of u20. When we
use a parameterization of the particle trajectory such that u0 = 1 and u = v with the three-velocity
v, this condition means that the particle should not travel with a velocity too close to the speed of
light. The analog condition in momentum space is that the energy and momentum must be small
enough, as the relevance of a nonminimal contribution rises with the momentum.
For the remaining spin-degenerate operators, the proof that Eq. (3.13) fulfills Eqs. (2.2) works
completely analogous when the corresponding expressions of Tab. I are employed. Furthermore, it
is now quite convenient to generalize the Lagrangian of Eq. (3.13) to the situation when operators of
different mass dimensions are added, e.g., aˆµ 7→
∑
d≥3 a
(d)
µα1...αd−3p
α1 . . . pαd−3 for the a coefficients.
We then simply have to replace the above observer scalar Xˆ
(d)
∗ for a particular mass dimension
d by a sum, i.e., Xˆ
(d)
∗ 7→
∑
d Xˆ
(d)
∗ where d runs over suitable values permitted for the operator
xˆ(d). As each individual summand of the introduced sum is positively homogeneous of degree 1
in the velocity, the sum itself will have that property, too. Hence, the proof of the validity of the
Lagrangian can be taken over completely. Last but not least, the expansion of Lorentz-violating
operators in terms of momenta leads to the additional requirement Xˆ
(d+2)
∗ ≪ Xˆ(d)∗ such that each
contribution is suppressed compared to the previous one.
9A. Effective coefficients
At first order in Lorentz violation, suitable field redefinitions allow for combining controlling
coefficients of different mass dimension such that new coefficients can be defined that are known as
effective, cf. Eqs. (27) of [23]. Based on this observation, it is possible to define effective observer
scalars aˆ∗,eff , cˆ∗,eff . Generically,
Xˆ
(d)
∗,eff ≡ Ξ(d)x xˆ(d)∗,eff , xˆ(d)∗,eff ≡ x(d)eff,µα1...αd−3u
µuα1 . . . uαd−3 . (3.14)
Hence, in the classical description, each momentum must simply be replaced by the four-velocity.
Now, the effective observer scalar linked to the operator aˆ can be expressed via Aˆ∗ and Eˆ∗ of
different dimensionalities:
Aˆ
(d)
∗,eff ≡ Ξ(d)a a(d)eff ,µα1...αd−3u
µuα1 . . . uαd−3
= Ξ(d)a
(
a(d)µα1...αd−3 −
1
mψ
ηµα1e
(d−1)
α2...αd−3
)
uµuα1 . . . uαd−3
= Ξ(d)a aˆ
(d)
∗ −
md−4ψ
(u2)(d−5)/2
e(d−1)α2...αd−3u
α2 . . . uαd−3
= Ξ(d)a aˆ
(d)
∗ − Ξ(d−1)e eˆ(d−1)∗ = Aˆ(d)∗ − Eˆ(d−1)∗ , (3.15)
which is consistent with the parameters listed in Tab. I. An analog correspondence can be derived
for the effective observer scalar related to cˆ:
Cˆ
(d)
∗,eff = Cˆ
(d)
∗ − Mˆ (d−1)∗ . (3.16)
Because of these connections, it is possible to associate Lagrangians to effective coefficients and at
first order in Lorentz violation they are given by
Laˆ
(d)
eff = −mψ
√
u2 − Aˆ(d)∗ + Eˆ(d−1)∗ , (3.17a)
Lcˆ
(d)
eff = −mψ
√
u2 − Cˆ(d)∗ + Mˆ (d−1)∗ . (3.17b)
These results already demonstrate how at leading order in Lorentz violation, Lagrangians for differ-
ent component coefficients can be composed to obtain new results for combinations of coefficients.
B. Map between vector c and pseudoscalar f coefficients
It is well-known that the minimal f coefficients can be mapped onto the c coefficients by a spinor
redefinition [39]. The structure of the map is such that it involves only bilinear combinations of f
coefficients and at leading order, it is given by c
(4)
µν ≈ −f (4)µ f (4)ν /2. Comparing the Lagrangians for
the c and f coefficients with each other, reveals the following correspondence at leading order:
c
(d)
∗ ↔ −
md−4ψ
2(u2)(d−4)/2
(f
(d)
∗ )
2 , (3.18a)
c
(d)
∗µν ↔ −
md−4ψ
2(u2)(d−4)/2
f
(d)
∗µ f
(d)
∗ν . (3.18b)
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In the second correspondence, the tensor structure on both sides has been extracted. At leading
order, the part of the c coefficients that is symmetric in the first two indices contributes to the
Lagrangian only. The known map within the minimal SME is reproduced for d = 4. However, note
that Eqs. (3.18) do not provide a direct map between the controlling coefficients, but just between
certain contractions of the c and f coefficients with the four-velocity. Indeed, there exists the
alternative possibility of mapping certain controlling coefficients directly to each other according
to the following rule:
c(d)µνα2...αd−3 ↔ −
1
2
f (d/2+2)µα2...αd/2−1f
(d/2+2)
ναd/2+1...αd−2
. (3.19)
It can be deduced immediately that this generalization contains the correspondence within the
minimal SME. Furthermore, counting the numbers of indices on each side produces d− 2, i.e., the
map is consistent in this respect. We obtain the Lagrangian for fˆ (d) by inserting the latter map
into the Lagrangian for cˆ(d) and adapting the mass dimension appropriately:
Lcˆ
(d)
= −mψ
√
u2 − Ξ(d)c cˆ(d)∗ ↔ −mψ
√
u2 +
Ξ
(d)
c
2
(fˆ
(d/2+2)
∗ )
2
= −mψ
√
u2 +
Ξ
(2d′−4)
c
2
(fˆ
(d′)
∗ )
2 = −mψ
√
u2 + Ξ
(d′)
f (fˆ
(d′)
∗ )
2 = Lfˆ
(d′)
. (3.20)
There is one caveat, though. In principle, d = 4+2n with n ∈ N0 can be chosen for the c coefficients,
which directly produces a product of two f
(4+n)
µα2...αn+1 on the right-hand side of Eq. (3.19). This
counting would permit arbitrary mass dimensions for f as long as they are ≥ 4. In analogy to the
c coefficients, the mass dimension of the f coefficients only takes values d = 4+ 2n, i.e., there is a
contradiction. The latter is resolved when restricting the map to c
(4n+4)
µνα2...α4n+1 . For n = 1 this means
that f
(6)
µα1α2 can only be mapped to c
(8)
µνα2...α5 where the case n = 2 describes a mapping between
f
(8)
µα1...α4 and c
(12)
µνα2...α9 , etc. Therefore, only a subset of c coefficients has a direct connection to f
coefficients, whereas the c
(6)
µνα2α3 , c
(10)
µνα2...α7 , etc. do not have an f counterpart.
IV. RESULTS FOR SPIN-NONDEGENERATE OPERATORS
The base for obtaining classical Lagrangians for the spin-degenerate operators was laid in [33],
whereas spin-nondegenerate operators were not considered in the latter paper. Hence, not a single
classical Lagrangian has been derived for the nonminimal operators bˆ, dˆ, Hˆ, and gˆ until now. How-
ever, at least a couple of minimal results are known such as that for the b coefficients, cf. Eq. (12)
of [26] for a(3)µ = 0:
Lb
(3)
= −mψ
√
u2 ∓
√
(b(3) · u)2 − (b(3))2u2 , (4.1)
where there are two distinct Lagrangians for particles because of the spin-nondegeneracy. When
we assume that the previously used technique works for the spin-nondegenerate operators, as well,
we could propose a proper Ansatz that is in accordance with observer Lorentz invariance, positive
homogeneity of degree 1 in the velocity, and with the minimal result Lb
(3)
:
Lbˆ
(d)
= −mψ
√
u2 ∓ Bˆ∗ + . . . , Bˆ∗ =
√
Bˆ2∗ − (Bˆµ∗ Bˆ∗µ)u2 , (4.2a)
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xˆ∗, xˆ∗µ Explicit contraction Ξx Radial derivative Correspondence
bˆ∗ b
(d)
µα1...αd−3u
µuα1 . . . uαd−3 md−3ψ /(u
2)(d−3)/2 uµ ∂bˆ∗∂uµ = (d− 2)bˆ∗ bˆµ ≈ Ξbbˆ∗µ
dˆ∗ d
(d)
µα1...αd−3u
µuα1 . . . uαd−3 md−3ψ /(u
2)(d−3)/2 uµ ∂dˆ∗∂uµ = (d− 2)dˆ∗ dˆµ ≈ Ξddˆ∗µ
˜ˆ
h∗µ H˜
(d)
µνα1...αd−3u
νuα1 . . . uαd−3 md−3ψ /(u
2)(d−3)/2 uµ ∂
˜ˆ
h∗ν
∂uµ = (d− 2)
˜ˆ
h∗ν
˜ˆ
Hµν ≈ ΞH ˜ˆH∗µν
˜ˆg∗µ g˜
(d)
µνα1...αd−3u
νuα1 . . . uαd−3 md−3ψ /(u
2)(d−3)/2 uµ ∂
˜ˆg∗ν
∂uµ = (d− 2)˜ˆg∗ν ˜ˆgµν ≈ Ξg ˜ˆg∗µν
(a)
Xˆ∗ Explicit expression Xˆ∗ Radial derivative Generalized bipartite matrix sxˆµν
Bˆ∗
√
Bˆ2∗ − (Bˆµ∗ Bˆ∗µ)u2 Bˆ∗ = Ξbb∗ uµ ∂Bˆ∗∂uµ = Bˆ∗ Bˆ∗µBˆ∗ν − (Bˆ̺∗Bˆ∗̺)ηµν
Dˆ∗
√
Dˆ2∗ − (Dˆµ∗ Dˆ∗µ)u2 Dˆ∗ = Ξdd∗ uµ ∂Dˆ∗∂uµ = Dˆ∗ Dˆ∗µDˆ∗ν − (Dˆ̺∗Dˆ∗̺)ηµν
Hˆ∗
√
− ˜ˆHµ∗ ˜ˆH∗µ ˜ˆH∗µ = ΞH ˜ˆh∗µ uµ ∂Hˆ∗∂uµ = Hˆ∗ −
˜ˆ
H̺∗
˜ˆ
H∗̺ηµν/u2
Gˆ∗
√
− ˜ˆGµ∗ ˜ˆG∗µ ˜ˆG∗µ = Ξg ˜ˆg∗µ uµ ∂Gˆ∗∂uµ = Gˆ∗ −
˜ˆ
G̺∗
˜ˆ
G∗̺ηµν/u2
(b)
TABLE II: Ingredients necessary to formulate the classical Lagrangian of Eq. (4.6) for a specific spin-
nondegenerate operator. The first column of (a) states the base observer scalars and vectors with their
explicit construction given in the second column. The third column lists the consistency factors and the
fourth gives Euler’s theorem for the quantities defined before. In the fifth column, the reader can find the
leading-order correspondences between the Lorentz-violating operators transformed to momentum space and
the related parameters with all four-momenta replaced by four-velocities. The first column of (b) specifies the
functions Xˆ∗ that make up the Lorentz-violating contribution of the Lagrangians. In the second column,
the observer scalars and vectors necessary to construct these functions can be found. The third column
points out Euler’s theorem for each Xˆ∗ and in the fourth column the explicit matrices of the generalized
bipartite Lagrangian of Eq. (4.7) are listed.
Bˆ∗µ ≡ Ξbbˆ∗µ , Bˆ∗ ≡ Ξbbˆ∗ , Ξb = Ξ(d)b =
md−3ψ
(u2)(d−3)/2
, (4.2b)
bˆ∗µ = bˆ
(d)
∗µ ≡ b(d)µα1...αd−3uα1 . . . uαd−3 , bˆ∗ = bˆ
(d)
∗ ≡ bˆ∗µuµ . (4.2c)
It was checked numerically for the dimension-5 b coefficients that this guess obeys Eqs. (2.2). An
analytical proof for arbitrary odd ≥ 3 is tedious but feasible. Readers who are only interested in
the results can skip the proof, which is why it has been moved to App. A. In this context it is
crucial to recall that at the level of the dispersion equation, the b and d coefficients contribute to the
pseudovector operator Aˆµ, cf. the Lagrange density of Eq. (2.1). Hence, the dispersion equation at
leading order in Lorentz violation follows from the dispersion equation of bˆµ in replacing the latter
by −dˆµνpν where pµ ≡ (E0,p)µ with the standard dispersion relation E0 = (p2 + m2ψ)1/2. The
correspondence at the level of classical Lagrangians in then simply bˆ∗µ ↔ −dˆ∗µνuν = −dˆ∗µ at first
order in Lorentz violation. The analytical proof for the b coefficients can literally be taken over to
the d coefficients where the only difference is that the mass dimension takes even values ≥ 4.
A similar procedure is applied to the Hˆ and gˆ operators. Let X ≡ H(3)µν H(3)µν/4 and Y ≡
H
(3)
µν H˜(3)µν/4 with H˜(3)µν corresponding to the dual of H(3)µν . The exact classical Lagrangian of
the minimal H coefficients for the configuration characterized by Y = 0 is given by Eq. (15) in [26]
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and it reads
LH
(3) |Y=0 = −mψ
√
u2 ∓
√
uν(H(3)) µν H
(3)
µ̺ u̺ + 2Xu2
= −mψ
√
u2 ∓
√
−(H˜(3))µνuνH˜(3)µ̺ u̺ , (4.3)
where we used
(H(3))µνu
νH(3)µ̺ u
̺ = (H˜(3))µνu
νH˜(3)µ̺ u
̺ + 2Xu2 . (4.4)
Note that this Lagrangian is exact in Lorentz violation. Based on the same fundamental principles
as before, we can propose a suitable Ansatz to cover the H coefficients for arbitrary mass dimension
at first order in Lorentz violation:
LHˆ
(d)
= −mψ
√
u2 ∓ Hˆ∗ + . . . , Hˆ∗ =
√
− ˜ˆHµ∗ ˜ˆH∗µ , (4.5a)
˜ˆ
H∗µ ≡ Ξh˜ˆh∗µ , ΞH = Ξ(d)H =
md−3ψ
(u2)(d−3)/2
, (4.5b)
˜ˆ
h∗µ =
˜ˆ
h
(d)
∗µ ≡ H˜(d)µνα1...αd−3uνuα1 . . . uαd−3 . (4.5c)
The latter reproduces the minimal result. An analytical check of Eqs. (2.2) is presented in App. B,
i.e., the Lagrangian proposed is the correct first-order expression. It is valid for all configurations
of H coefficients, as a restriction Y = 0 generalized to H
(d)
µν is not used in the proof. When taking
into account that both the H and the g coefficients contribute to the two-tensor operator Tˆ µν in
the Lagrange density of Eq. (2.1), the leading-order dispersion equation for gˆµν̺ follows from that
of Hˆµν in replacing Hˆµν by −gˆµν̺p̺. The proof of the validity of the classical Lagrangian can then
be adapted by considering Hˆ∗µν ↔ −gˆ∗µν̺u̺ = −gˆ∗µν at first order in the controlling coefficients.
Note that the mass dimension is even and ≥ 4 for gˆ.
Based on these findings, the general Lagrangian for a spin-nondegenerate operator at leading
order is expressed as follows:
Lxˆ
(d)
= −mψ
√
u2 ∓ Xˆ∗ , (4.6)
with the quantities listed in Tab. II. Several remarks are in order. First, the standard Lagrangian
is reproduced for vanishing controlling coefficients, as expected. Second, each Lorentz-violating
coefficient is multiplied by a parameter Ξx that only depends on the particle mass, the four-
velocity squared, and the mass dimension. This parameter has the same form for each type of
spin-nondegenerate operator. However, note that the mass dimensions of the coefficients can differ
from each other. Third, Lorentz violation is encoded in a square root of quadratic combinations of
coefficients, i.e., the correction is of first order in Lorentz violation. Due to the square root depen-
dence, the Lagrangian is not differentiable in the limit of zero Lorentz violation, though. Fourth,
there are two Lagrangians for particles that mirror the two distinct modified dispersion relations
present for spin-nondegenerate operators. Fifth, taking a closer look at the Lagrangians reveals
the correspondence
˜ˆ
H∗µ ↔ mψdˆ∗µ for a dˆµν that is antisymmetric in the first two indices (cf. [28]
for the analog in the minimal SME). Sixth, at first order in Lorentz violation, the Lagrangians for
bˆ, dˆ, Hˆ, and gˆ are all of the following form:
Lxˆ
(d)
= −mψ
√
u2 ∓
√
uµsxˆµνu
ν , (4.7)
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where sxˆµν = s
xˆ
µν(u) are 4× 4 matrices that are listed in Tab. IIb explicitly. In principle, Eq. (4.7)
can be interpreted as a generalization of what is known as the bipartite structure within the minimal
SME [38]. However, in contrast to its original definition, the matrix sxˆµν now depends on the four-
velocity explicitly. Note the formal similarities of these matrices for all types of spin-nondegenerate
operators when taking into account that
˜ˆ
Hµ∗ uµ = ˜ˆg
µ
∗ uµ = 0 because of the antisymmetry of
˜ˆ
H and
˜ˆg. Seventh, the Lagrangians for the first two types and the latter two types of operators can be
combined resulting in Lagrangians expressed in terms of an observer pseudovector and a two-tensor
that are defined in analogy to the pseudovector operator Aˆµ and the dual tensor operator ˜ˆT µν :
LAˆ
(d) |d≥3
even
= −mψ
√
u2 ∓
√
Aˆ2∗ − (Aˆµ∗ Aˆ∗µ)u2 , (4.8a)
L
˜ˆ
T (d) |d≥3
odd
= −mψ
√
u2 ∓
√
− ˜ˆT µ∗ ˜ˆT∗µ , (4.8b)
Aˆ(d)∗µ ≡ Ξ(d)b
(
mψ√
u2
dˆ
(d+1)
∗µ − bˆ(d)∗µ
)
,
˜ˆT (d)∗µ ≡ Ξ(d)H
(
mψ√
u2
˜ˆg
(d+1)
∗µ − ˜ˆH(d)∗µ
)
. (4.8c)
Here, the index indicating the mass dimension of Aˆ∗µ, ˜ˆT∗µ is again omitted within the Lagrangians
to simplify the notation. The Lagrangians for bˆ, dˆ follow from Eq. (4.8a) and those for Hˆ, gˆ follow
from Eq. (4.8b) for appropriate choices of the coefficients, as expected. These new Lagrangians
are of bipartite form, as well. Last, but not least, an alternative possibility is to express the
Lagrangians in terms of effective coefficients based on Eqs. (27) of [23]:
L
˜ˆg
(d)
eff |d≥4
even
= −mψ
√
u2 ∓
√
− ˜ˆGµ∗ ˜ˆG∗µ + 2
mψ
[
˜ˆ
G∗Bˆ∗ − ( ˜ˆGµ∗ Bˆ∗µ)u2
]
+
u2
m2ψ
[
Bˆ2∗ − (Bˆµ∗ Bˆ∗µ)u2
]
= −mψ
√
u2 ∓
√
− ˜ˆGµeff ,∗ ˜ˆGeff ,∗µ , (4.9a)
L
˜ˆ
H
(d)
eff |d≥3
odd
= −mψ
√
u2 ∓
√
− ˜ˆHµ∗ ˜ˆH∗µ + 2
mψ
[
˜ˆ
H∗Dˆ∗ − ( ˜ˆHµ∗ Dˆ∗µ)u2
]
+
u2
m2ψ
[
Dˆ2∗ − (Dˆµ∗ Dˆ∗µ)u2
]
= −mψ
√
u2 ∓
√
− ˜ˆHµeff,∗ ˜ˆHeff,∗µ , (4.9b)
˜ˆ
G
(d)
∗µ,eff ≡ Ξ(d)g ˜ˆg
(d)
∗µ,eff ,
˜ˆg
(d)
∗µ,eff ≡ g˜
(d)
eff ,µνα1...αd−3
uνuα1 . . . uαd−3 , (4.9c)
˜ˆ
H
(d)
∗µ,eff ≡ Ξ(d)H ˜ˆh(d)∗µ,eff , ˜ˆh(d)∗µ,eff ≡ H˜(d)eff ,µνα1...αd−3u
νuα1 . . . uαd−3 . (4.9d)
In Eqs. (4.9a), (4.9b) the mass dimension of the effective coefficients has again been omitted for
brevity. The Lagrangians for the bˆ, gˆ operators are contained in Eq. (4.9a) as special cases where
those for dˆ, Hˆ follow from Eq. (4.9b) by setting suitable coefficients to zero. Note that the pairs
of coefficients even mix in the Lagrangians of this form.
Finally, the proofs for the operators bˆ, Hˆ shown in Appx. A, B can be taken over literally to
the situation when operators of different mass dimensions are summed over. The argument is the
same as that presented for the spin-degenerate operators at the end of Sec. III. The only thing
to do is to replace Xˆ
(d)
∗ by a suitable sum, i.e., Xˆ
(d)
∗ 7→
∑
d Xˆ
(d)
∗ where the summation runs over
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all d permitted. The latter sum is then still positively homogeneous of degree 1 in the velocity,
as the individual contributions are. Note that Xˆ∗ depends on bilinear combinations of Xˆ∗, i.e.,
summations over the mass dimension are carried out under the square root and not in front of it.
By doing so, coefficients of different mass dimensions may mix.
V. GENERAL FIRST-ORDER LAGRANGIAN OF SME FERMION SECTOR
Comparing the previously obtained Lagrangians and the corresponding first-order dispersion
relations reveals plenty of similarities. Therefore, we found that there exists a direct map from
the dispersion relation E(±) to the associated classical Lagrangians L(±) at first order in Lorentz
violation. Consider the first-order dispersion relation of the nonminimal SME that is known to be
of the form
E(±) = E0 − 1
E0
(
p · Vˆeff ∓Υ
)
, (5.10a)
Υ =
√
pµ(
˜ˆTeff)µ̺( ˜ˆTeff)̺νpν , (5.10b)
with the effective operators transformed to momentum space
Vˆµeff ≡ Vˆµ +
1
mψ
pµSˆ , ˜ˆT µνeff ≡ ˜ˆT µν +
1
mψ
p[µAˆν] , (5.10c)
cf. Eq. (43) in [23]. The map leading directly from the dispersion relation to the classical Lagrangian
involves the following steps. First, perform the replacement E0 7→ −mψ
√
u2. Second, carry out
pµ 7→ mψuµ/
√
u2 in the Lorentz-violating term. Third, multiply the Lorentz-violating contribution
by u2 to ensure positive homogeneity of first degree in the velocity. An analog map was found
in [30] within the minimal SME where its validity was demonstrated to second order in the velocity
and momentum only. The procedure previously described is a generalization that is valid in the
nonminimal SME and at all orders in the velocity and momentum. Applying this map to the
dispersion relation of Eq. (5.10), produces the first-order classical “master” Lagrangian including
all operators of the nonminimal SME:
L
(±)
master = −mψ
√
u2 + Vˆ∗,eff ∓Υ∗ , (5.11a)
Υ∗ =
√
−( ˜ˆT∗,eff)µ( ˜ˆT∗,eff)µ , (5.11b)
with a slew of observer scalars and (pseudo)vectors that correspond to the effective operators
considered:
Vˆ∗,eff ≡ Vˆ∗ +
√
u2Sˆ∗ , (5.11c)
˜ˆT µ∗,eff ≡ ˜ˆT µ∗ +
uµ√
u2
Aˆ∗ −
√
u2Aˆµ∗ , (5.11d)
Sˆ∗ ≡
∑
d≥4,even
Ξ
(d)
V
(
eˆ
(d)
∗ −
mψ√
u2
mˆ
(d+1)
∗
)
, (5.11e)
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Vˆ∗µ ≡
∑
d≥3,odd
Ξ
(d)
V
(
mψ√
u2
cˆ
(d+1)
∗µ − aˆ(d)∗µ
)
, Vˆ∗ ≡ Vˆ∗µuµ , Ξ(d)V =
md−3ψ
(u2)(d−3)/2
, (5.11f)
Aˆ∗µ ≡
∑
d≥3,odd
Ξ
(d)
A
(
mψ√
u2
dˆ
(d+1)
∗µ − bˆ(d)∗µ
)
, Aˆ∗ ≡ Aˆ∗µuµ , Ξ(d)A =
md−3ψ
(u2)(d−3)/2
, (5.11g)
˜ˆT∗µ ≡
∑
d≥3,odd
Ξ
(d)
A
(
mψ√
u2
˜ˆg
(d+1)
∗µ − ˜ˆH(d)∗µ
)
. (5.11h)
Several remarks are in order. First, the Lagrangians associated to the spin-degenerate opera-
tors are completely governed by Vˆ∗,eff , whereas the spin-nondegenerate results are described by
˜ˆT∗,eff . Second, all Lagrangians found previously are contained in the latter general result, which
can be checked by setting subsets of the coefficients to zero. Third, the two signs before the
spin-nondegenerate contribution are switched when comparing the dispersion relations to the La-
grangians. Fourth, the only Lagrangian that is not directly contained in this general result is that
for the f coefficients. Since the Lagrangian, as it stands, it valid at first order in Lorentz violation
only, we do not intend to add the Lagrangian for fˆ , as the latter coefficients do not deliver a linear
contribution. However, recall that f
(d)
∗ squared can just be mapped onto c
(d)
∗ , cf. Eqs. (3.18).
The proof that the latter Lagrangian fulfills the defining equations (2.2) can be put together
from the proofs previously carried out. The Lagrangian for
˜ˆT∗,eff = 0 is that of the spin-degenerate
operators making the corresponding proof of Sec. III applicable. For Vˆ∗,eff = 0 we can take over
the proof for Hˆ of App. B, as the Lagrangian for the H coefficients is exactly of this form. Last
but not least, each contribution is of first order in Lorentz violation, which is why both proofs can
be combined. The spin-degenerate and spin-nondegenerate operators do not mix with each other
at this level of approximation, after all.
VI. CONCLUSIONS
In the current paper, we derived the leading-order classical Lagrangian covering all operators
of the nonminimal SME fermion sector. The result for a particular operator can be obtained
from this master Lagrangian by setting all other coefficients to zero. The Lagrangian for each
operator was found to be a natural generalization of the already known minimal results where the
minimal coefficients are replaced by the infinite sum over all nonminimal coefficients appropriately
contracted with four-velocities. Furthermore, the Lorentz-violating contributions are multiplied by
a factor ensuring both consistency of the mass dimension and positive homogeneity of first degree in
the velocity. The first-order Lagrangian shares a lot of similarities with the corresponding dispersion
relations. The modified terms for the spin-degenerate operators are directly proportional to sums
of the coefficients suitably contracted with four-velocities. The Lorentz-violating terms linked to
the spin-nondegenerate operators involve a square root of a bilinear combination of controlling
coefficients and four-velocities. Terms of these shapes can be considered as generalizations of
structures that are known as bipartite in the literature.
With the master Lagrangian at hand, the description of Lorentz violation for classical systems
should now be feasible for any kind of Lorentz-violating operator. The only caveat is that the
Lagrangian obtained is the leading-order result only. However, as Lorentz violation is perturbative,
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the result should at least be sufficient for phenomenological studies. Terms of higher order in the
perturbative expansion are supposedly much more involved, as suitable observer scalars can now
be formed from component coefficients of different type and mass dimension. In future works, we
intend to investigate whether the Lagrangians found can be promoted to Finsler structures. If this
turns out to be possible, the properties of these Finsler structures will be an interesting topic to
investigate both for physicists and mathematicians.
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Appendix A: Analytical proof for b coefficients
In this part of the appendix, we would like to demonstrate that the first-order classical La-
grangian of Eq. (4.2) satisfies the defining equations of the map from the field-theory description
to the classical point-particle analog. The calculation will be carried out by analytical means where
higher-order terms will be discarded. The Lorentz-violating contribution is positively homogeneous
of first degree in the velocity, which will turn out to be very helpful. Before starting with the proof,
recall the classical Lagrangian found for the b coefficients:
Lbˆ
(d)
= −mψ
√
u2 ∓ Bˆ∗ , (A.1a)
Bˆ∗ =
√
Bˆ2∗ − (Bˆµ∗ Bˆ∗µ)u2 . (A.1b)
1. Dispersion equation
The first and undoubtedly easier task is to check the validity of Eq. (2.2a) for the canonical
momentum. The latter can be cast into the form
pµ = −∂L
bˆ(d)
∂uµ
= mψ
uµ√
u2
± ∂Bˆ∗
∂uµ
. (A.2)
In the Lorentz-violating operator it suffices to replace each momentum by the leading-order term
of the previous expression such that bˆµ ≈ Ξbbˆ∗µ. The general dispersion equation has the form
R = (p2 −m2ψ)2 + 4
[
bˆ2m2ψ − (bˆ · p)2
]
+ . . . . (A.3)
The leading-order Lorentz-violating terms in the dispersion equation are of second order, which
is why these contributions have to cancel each other when the classical Lagrangian is supposed
to be valid. Hence, all expressions must be computed at second order in Lorentz violation where
higher-order terms are discarded. The square of the canonical momentum is given by
p2 = m2ψ ±
2mψ√
u2
uµ
∂Bˆ∗
∂uµ
+
(
∂Bˆ∗
∂u
)2
= m2ψ ±
2mψ√
u2
Bˆ∗ +
(
∂Bˆ∗
∂u
)2
, (A.4)
where we used Euler’s theorem for Bˆ∗ in the form
uµ
∂Bˆ∗
∂uµ
= Bˆ∗ . (A.5)
The remaining terms in the dispersion equation at second order in Lorentz violation are written
as follows:
bˆ · p = mψ Bˆ∗√
u2
± Bˆµ∗
∂Bˆ∗
∂uµ
+ . . . , (A.6a)
(bˆ · p)2 = m2ψ
Bˆ2∗
u2
+ . . . . (A.6b)
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Inserting these results into the dispersion equation, all of the second-order terms in Lorentz violation
compensate each other:
R =
(
±2mψ√
u2
Bˆ∗
)2
+ 4
(
bˆ2m2ψ −m2ψ
Bˆ2∗
u2
)
+ . . .
=
4m2ψ
u2
Bˆ
2
∗ + 4m
2
ψ
(
Bˆµ∗ Bˆ∗µ −
Bˆ2∗
u2
)
= 0 , (A.7)
according to Eq. (A.1b). This outcome demonstrates that the canonical momentum based on the
classical Lagrangian satisfies the dispersion equation at the order desired.
2. Velocity correspondence
In this paragraph we would like to demonstrate the validity of Eq. (2.2b) for the classical
Lagrangian under consideration. As the general formula for the dispersion relation may be compli-
cated, we compute the first (implicit) derivative of the dispersion equation and replace all ∂p0/∂pi
by −ui/u0. For the classical Lagrangian to be valid, all contributions at second order in Lorentz
violation have to compensate each other. It is reasonable to split the implicit derivative into three
parts as follows:
∂R
∂pi
=
∑
i=1...3
∂R
∂pi
∣∣∣∣
(i)
, (A.8a)
∂R
∂pi
∣∣∣∣
(1)
= −4(p2 −m2ψ)
(
ui
u0
p0 + pi
)
, (A.8b)
∂R
∂pi
∣∣∣∣
(2)
= 8(bˆ · p)
(
ui
u0
bˆ0 + bˆi
)
, (A.8c)
∂R
∂pi
∣∣∣∣
(3)
= 8m2ψ bˆ
ν ∂bˆν
∂pi
− 8(bˆ · p)pν ∂bˆν
∂pi
. (A.8d)
The third contribution takes into account a possible momentum dependence of the controlling
coefficients that arises for nonminimal frameworks. For the minimal b coefficients, this term just
vanishes. We start computing the first part:
∂R
∂pi
∣∣∣∣
(1)
= −8mψ√
u2
Bˆ∗
(
ui
u0
∂Bˆ∗
∂u0
+
∂Bˆ∗
∂ui
)
+ . . . . (A.9)
The second part of the implicit derivative can be obtained quickly, as well:
∂R
∂pi
∣∣∣∣
(2)
=
8mψ√
u2
(bˆ · u)
(
ui
u0
bˆ0 + bˆi
)
+ · · · = 8mψ√
u2
Bˆ∗
(
ui
u0
Bˆ∗0 + Bˆ∗i
)
. (A.10)
Summing the two contributions obtained leads to
∑
i=1...2
∂R
∂pi
∣∣∣∣
(i)
=
8mψ√
u2
[
Bˆ∗
(
ui
u0
Bˆ∗0 + Bˆ∗i
)
− Bˆ∗
(
ui
u0
∂Bˆ∗
∂u0
+
∂Bˆ∗
∂ui
)]
+ . . .
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=
8mψ√
u2
{
Bˆ∗
(
ui
u0
Bˆ∗0 + Bˆ∗i
)
−
[
ui
u0
(
Bˆ∗
∂Bˆ∗
∂u0
− u2Bˆν∗
∂Bˆ∗ν
∂u0
)
+ Bˆ∗
∂Bˆ∗
∂ui
− u2Bˆν∗
∂Bˆ∗ν
∂ui
]}
, (A.11)
where we used
∂Bˆ∗
∂uµ
=
1
Bˆ∗
(
Bˆ∗
∂Bˆ∗
∂uµ
− Bˆν∗ Bˆ∗νuµ − u2Bˆν∗
∂Bˆ∗ν
∂uµ
)
. (A.12)
Last but not least, the third part delivers
∂R
∂pi
∣∣∣∣
(3)
= 8m2ψ
(
Bˆν∗ −
Bˆ∗u
ν
u2
)
∂bˆν
∂pi
+ . . . . (A.13)
At this point we express the derivative of the controlling coefficients with respect to the momentum
as a derivative with respect to the velocity:
∂bˆµ
∂pi
=
∂bˆµ
∂uν
∂uν
∂pi
= −
√
u2
mψ
(
ui
u0
∂Bˆ∗µ
∂u0
+
∂Bˆ∗µ
∂ui
)
, (A.14)
where we employed Eqs. (3.11), (3.12). Finally, all second-order terms in Lorentz violation com-
pensate each other in the implicit derivative:
∂R
∂pi
=
8mψ√
u2
[
Bˆ∗
(
ui
u0
Bˆ∗0 + Bˆ∗i
)
− Bˆ∗
(
ui
u0
∂Bˆ∗
∂u0
+
∂Bˆ∗
∂ui
)
+ u2
(
ui
u0
Bˆν∗
∂Bˆ∗ν
∂u0
+ Bˆν∗
∂Bˆ∗ν
∂ui
)
−
(
Bˆν∗u
2 − Bˆ∗uν
)( ui
u0
∂Bˆ∗ν
∂u0
+
∂Bˆ∗ν
∂ui
)]
+ · · · = 0 . (A.15)
To arrive at this result, we additionally inserted
∂Bˆ∗
∂u0
=
∂(uνBˆ∗ν)
∂u0
= Bˆ0∗ + u
ν ∂Bˆ∗ν
∂u0
, (A.16a)
∂Bˆ∗
∂ui
=
∂(uνBˆ∗ν)
∂ui
= Bˆ∗i + u
ν ∂Bˆ∗ν
∂ui
. (A.16b)
Appendix B: Analytical proof for H coefficients
Here we would like to carry out a proof analog to that for the b coefficients. As a reminder, the
classical Lagrangian found for the operator Hˆ is given by
LHˆ
(d)
= −mψ
√
u2 ∓ Hˆ∗ , (B.1a)
Hˆ∗ =
√
− ˜ˆHµ∗ ˜ˆH∗µ . (B.1b)
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1. Dispersion equation
First of all, it must be shown that the canonical momentum satisfies Eq. (2.2a). Its form is
completely analog to that for the b coefficients:
pµ = −∂L
Hˆ(d)
∂uµ
= mψ
uµ√
u2
± ∂Hˆ∗
∂uµ
. (B.2)
Replacing the momentum components contracted with the H coefficients by the standard term
mψu
µ/u2 produces Hˆµν ≈ ΞHHˆ∗µν . Neglecting all Lorentz-violating contributions beyond the
second order, the dispersion equation can be expressed in the form
R = p4 − 2m2ψp2 +m4ψ −m2ψHˆµνHˆµν − 2pµ(Hˆµν − i ˜ˆHµν)(Hˆν̺ + i ˜ˆHν̺)p̺ + . . .
= (p2 −m2ψ)2 + (p2 −m2ψ)HˆµνHˆµν − 4pµ ˜ˆHµ̺ ˜ˆH̺νpν + . . .
= (p2 −m2ψ)2 − 4pµ ˜ˆHµ̺ ˜ˆH̺νpν + . . . , (B.3)
where we used
pµ(Hˆ
µν − i ˜ˆHµν)(Hˆν̺ + i ˜ˆHν̺)p̺ = 2pµ ˜ˆHµ̺ ˜ˆH̺νpν −
1
2
p2HˆµνHˆµν . (B.4)
The four-momentum squared reads
p2 = m2ψ ±
2mψ√
u2
uµ
∂Hˆ∗
∂uµ
+
(
∂Hˆ∗
∂u
)2
= m2ψ ±
2mψ√
u2
Hˆ∗ +
(
∂Hˆ∗
∂u
)2
, (B.5)
where we used Euler’s theorem applied to the characteristic quantity Hˆ∗:
uµ
∂Hˆ∗
∂uµ
= Hˆ∗ . (B.6)
All of the ingredients are inserted into the dispersion equation demonstrating that the second-order
terms in Lorentz violation cancel each other:
R =
(
±2mψ√
u2
Hˆ∗
)2
− 4m
2
ψ
u2
Hˆ
2
∗ + · · · = 0 . (B.7)
2. Velocity correspondence
Now we demonstrate the validity of Eq. (2.2b). The first derivative of the dispersion equation is
calculated implicitly with all ∂p0/∂pi replaced by −ui/u0. Due to the similarities of the dispersion
equations for the b and H coefficients, we again split the derivative into three parts. The first two
of these are obtained in total analogy to those for the b coefficients:
∂R
∂pi
∣∣∣∣
(1)
≡ ∂p
4
∂pi
= −8mψ√
u2
Hˆ∗
(
ui
u0
∂Hˆ∗
∂u0
+
∂Hˆ∗
∂ui
)
+ . . . , (B.8)
∂R
∂pi
∣∣∣∣
(2)
≡ 8( ˜ˆH̺µpµ) ˜ˆH̺ν ∂pν
∂pi
=
8mψ√
u2
˜ˆ
H̺µu
µ
(
− u
i
u0
˜ˆ
H̺0 − ˜ˆH̺i
)
= −8mψ√
u2
˜ˆ
H∗̺
(
ui
u0
˜ˆ
H̺∗0 +
˜ˆ
H̺∗i
)
+ . . . . (B.9)
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Summing the latter contributions produces
∑
i=1...2
∂R
∂pi
∣∣∣∣
(i)
= −8mψ√
u2
[
˜ˆ
H∗̺
(
ui
u0
˜ˆ
H̺∗0 +
˜ˆ
H̺∗i
)
+ Hˆ∗
(
ui
u0
∂Hˆ∗
∂u0
+
∂Hˆ∗
∂ui
)]
=
8mψ√
u2
˜ˆ
H∗̺
[
ui
u0
(
∂
˜ˆ
H̺∗
∂u0
− ˜ˆH̺∗0
)
+
∂
˜ˆ
H̺∗
∂ui
− ˜ˆH̺∗i
]
+ . . . , (B.10)
where the derivative of the quantity Hˆ∗ was used:
∂Hˆ∗
∂uµ
= − 1
Hˆ∗
∂
˜ˆ
Hν∗
∂uµ
˜ˆ
H∗ν . (B.11)
The third part, which does not contribute to the minimal sector, contains derivatives of the Lorentz-
violating operators with respect to the momentum:
∂R
∂pi
∣∣∣∣
(3)
= −4pµ ∂
˜ˆ
H ̺µ
˜ˆ
H̺ν
∂pi
pν = −4
(
pµ
∂
˜ˆ
H ̺µ
∂pi
˜ˆ
H̺νp
ν + pµ
˜ˆ
Hµ̺
∂
˜ˆ
H̺ν
∂pi
pν
)
= 4
{
∂
˜ˆ
H̺
∂pi
˜ˆ
H̺ −
[
˜ˆ
H̺0
(
−u
i
u0
)
− ˜ˆH̺i
]
˜ˆ
H̺ +
˜ˆ
H̺
∂
˜ˆ
H̺
∂pi
− ˜ˆH̺
[
˜ˆ
H̺0
(
− u
i
u0
)
− ˜ˆH̺i
]}
= 8
˜ˆ
H̺
[
∂
˜ˆ
H̺
∂pi
+
ui
u0
˜ˆ
H̺0 +
˜ˆ
H̺i
]
=
8mψ√
u2
˜ˆ
H∗̺
[
ui
u0
(
˜ˆ
H̺∗0 −
∂
˜ˆ
H̺∗
∂u0
)
+
˜ˆ
H̺∗i −
∂
˜ˆ
H̺∗
∂ui
]
+ . . . . (B.12)
In the final step the derivative with respect to the momentum was again expressed as a derivative
with respect to the four-velocity:
∂
˜ˆ
Hµ
∂pi
=
∂
˜ˆ
Hµ
∂uσ
∂uσ
∂pi
= −
(
ui
u0
∂
˜ˆ
H∗µ
∂u0
+
∂
˜ˆ
H∗µ
∂ui
)
, (B.13)
where Eqs. (3.11), (3.12) were employed in addition. Now we see quickly that the sum of the first
two parts equals the negative of the third, which makes all second-order terms in Lorentz violation
vanish.
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